Abstract. Let E be a closed subset of the unit circle of measure zero. Recently, Beise and Müller showed the existence of a function in the Hardy space H 2 for which the partial sums of its Taylor series approximate any continuous function on E. In this paper, we establish an analogue of this result in a non-linear setting where we consider optimal polynomial approximants of reciprocals of functions in H 2 instead of Taylor polynomials. The proof uses a new result on simultaneous zero-free approximation of independent interest.
Introduction
Given a Hilbert space H of analytic functions on the unit disc D and a non-zero function f ∈ H , a polynomial Q n is called an optimal polynomial approximant (o.p.a.) of order n of 1/f if Q n minimizes qf − 1 H over all polynomials q of degree at most n. We note that this definition makes sense even if f ∈ H has zeros in D. In fact, unless f is identically 0, the polynomial Q n is uniquely determined.
Optimal polynomial approximants were introduced in [4] and are closely connected to classical objects in function theory such as orthogonal polynomials and reproducing kernels, see [7, 6] . They arise naturally in connection with the notion of cyclicity in Dirichlet-type spaces D α . Such spaces consist of all holomorphic functions f : D → C whose Taylor coefficients in the expansion the space D α becomes a reproducing kernel Hilbert space. Of particular interest are the cases of Bergman, Hardy and Dirichlet spaces, corresponding respectively to the parameters α = −1, 0, 1. We refer the reader to [14, 13, 15] for background on these spaces. In our paper, we focus on the case of the Hardy space H 2 . A function f ∈ D α is called cyclic if the set of polynomial multiples of f is dense in D α . By a result of Beurling, a function in H 2 is cyclic if and only if it is outer, see [13] . On the other hand, cyclic functions for the classical Dirichlet space D have not been fully understood: in [9] , Brown and Shields provided necessary conditions and conjectured these to be sufficient. Partial advances on this problem are described in [15] . The problem in the Bergman space A 2 is also far from solved. However, it is easy to provide a characterization of cyclicity using the notion of optimal polynomial approximants: a function f ∈ D α is cyclic if and only if the optimal polynomial approximants Q n of 1/f satisfy Q n f − 1 α → 0 as n → ∞. We note that the latter condition implies that Q n converges to 1/f locally uniformly on D. It is natural to ask whether this convergence still holds on the boundary. In [8] , it is observed that if a polynomial f has only simple roots, all of which lie outside the unit disc, then Q n converges uniformly to 1/f on any closed subset of the unit circle which does not intersect the roots of f .
In this paper, we are interested in the opposite phenomenon: are there functions with o.p.a. that have more than one limit point at some ζ on the unit circle T? Can those limit points be the entire complex plane C? This question relates to the concept of universality. Roughly speaking, a function is called universal if using a sequence of mappings, it can approximate every object in some class of interest.
In [25] , Nestoridis showed that there exists a holomorphic function f in D such that for every compact set K ⊂ C\D with connected complement and every continuous function g : K → C which is holomorphic in the interior of K, there exists a subsequence of Taylor polynomials of f which converges uniformly to g on K. Even though holomorphic functions with universal Taylor series are generic in the sense of Baire, no explicit example is known. It turns out that all such functions have wild boundary behaviour, see [16, 18, 19, 17] . This erratic behaviour occurs even if we merely have universal approximation on a large subset of the unit circle: for example, in [20] , the authors showed that if E ⊂ T is a closed set of positive measure and f has a universal Taylor series on E, then the set f (T ζ ) is dense in C for almost every ζ ∈ E, where T ζ ⊂ D is a Stolz angle with vertex at ζ. On the other hand, Beise and Müller [3] showed that if E ⊂ T is a closed set of measure 0, then there exists a function with a universal Taylor series on E which lies in the Hardy space H p , 1 ≤ p < ∞ (and therefore has non-tangential limits almost everywhere on T).
The main goal of this paper is to establish an analogue of the result of Beise and Müller for o.p.a. of reciprocals of functions in H 2 . To formulate our main result, we introduce some notation. For f ∈ (H 2 ) * := H 2 \{0}, we denote by Q n (1/f ) the sequence of o.p.a. of the reciprocal of f . For a closed set E ⊂ T, we denote by C(E) the space of continuous functions on E equipped with the topology of uniform convergence on E. 
We show the following result:
Remark. In particular, Theorem 1.2 implies that for any ζ ∈ T, there are functions f ∈ H 2 for which {Q n (1/f )(ζ) : n ∈ N} is dense in C.
One crucial ingredient in the case of universal Taylor series is a result on simultaneous polynomial approximation in H 2 × C(E), see [3, Lemma 2.1]. For the purposes of our paper, we needed to prove a similar result involving simultaneous zero-free approximation, which is of independent interest. Theorem 1.3. Let E ⊂ T be a closed set of measure 0. Let g ∈ H 2 be non-vanishing on D, and let f ∈ C(E) be non-vanishing on E. Then there exists a sequence of polynomials P n which do not vanish on the closed unit disc D such that P n → g in H 2 and
The corresponding result in [3] uses functional analysis techniques which cannot be adapted to our zero-free setting. Instead, we give a constructive argument based on a modification of the Rudin-Carleson theorem [26, 10] . In many situations, polynomial approximation in the non-vanishing setting is a delicate issue. For example, it is not known if there is a non-vanishing version of the classical Mergelyan Theorem; see [1, 2, 12, 23] for partial results and connections with the Riemann hypothesis.
We first show the existence of universal optimal polynomial approximants in Section 2, subject to the verification of the result on simultaneous zero-free approximation, which we prove in Section 3.
Existence of functions with universal optimal polynomial approximants
In this section, we prove Theorem 1.2 on the existence of functions in H 2 whose optimal polynomial approximants are universal on a given closed subset of the unit circle of measure zero. We rely on three key properties of H 2 : the action of the shift is isometric, there exist almost everywhere well-defined boundary values, and functions factor as a product of their inner and outer parts. We begin with some auxiliary results:
Proof. Let n ∈ N, and let f ∈ (H 2 ) * . We denote by a j the j th coefficient of the optimal polynomial approximant Q n (1/f ). Let P n the space of polynomials of degree at most n. Since Q n (1/f )f is the orthogonal projection of 1 onto the space P n f ,
It follows that the vector A = (a j ) n j=0 of the Taylor coefficients of Q n (1/f ) is given as the unique solution to the linear system
where M is the (n + 1) × (n + 1) matrix with entries
and C is the vector given by
Since the vector C and matrix M vary continuously in f ∈ (H 2 ) * , and the matrix M is invertible, the vector A also varies continuously in f ∈ (H 2 ) * . The continuity of the mapping Q n follows.
As noted in [5] , the optimal polynomial approximants in H 2 are essentially determined by their outer part. The following proposition makes this dependence explicit.
Proposition 2.2. If g is an inner function in
Proof. For the function f ∈ (H 2 ) * , let A, C and M be as in the proof of Proposition 2.1. Similarly, the vector B = (b j ) n j=0 of the Taylor coefficients of Q n 1/(f g) is given as the unique solution to the linear system
where N is the (n + 1) × (n + 1) matrix with entries
and D is the vector given by
Since g is an inner function in H 2 , multiplication by g is an isometry and thus, for all j and k,
which implies that the matrices M and N are equal. Hence
which gives the desired conclusion that
Remarks. (i) The above proposition shows that if g is an inner function with g(0) = 0, then f ∈ (H 2 ) * has universal o.p.a. if and only if f g ∈ (H 2 ) * has universal o.p.a. (ii) Each function in H 2 can be written as a product of an inner and an outer function. Since cyclic functions in H 2 are precisely the outer functions, if there exists a function with universal o.p.a. on some set, then there exists a cyclic function with the same property. In particular, Theorem 1.2 tells us that, for any closed set E ⊂ T of zero measure, there exists a cyclic function f ∈ H 2 with universal o.p.a. on E. In this case, Q n (1/f ) converges to 1/f locally uniformly on D while Q n (1/f ) : n ∈ N is dense in C(E).
(iii) Let (z n ) be a (finite or infinite) sequence in D\{0} which satisfies the Blaschke condition
Then there exists a function f with universal o.p.a. having zeros at (z n ). Indeed, we can obtain such a function by multiplying a cyclic function with universal o.p.a. (which is zero-free on D) with a suitable Blaschke product.
To establish the existence of functions with universal optimal polynomial approximants in H 2 , we will use the Baire category theorem. We recall that the collection of functions with universal optimal approximants on E is defined as:
Let {P n : n ∈ N} be the collection of all polynomials with rational coordinates that are zero-free on E. This set is clearly dense in C(E).
For each k, n, m ∈ N, we consider the set
In view of the Baire category theorem, in order to complete the proof of Theorem 1.2, it suffices to prove the following proposition:
Proposition 2.3. Let E ⊂ T be a closed set of measure 0. Then: (a) The set U E can be written as
Indeed, the above proposition implies that U E can be expressed as a countable intersection of open dense sets in H 2 . Since H 2 is a complete metric space, we can apply the Baire category theorem to deduce that U E is a G δ dense subset of H 2 , which establishes Theorem 1.2.
Proof. (a) Let f ∈ U E and let k, n ∈ N. Since P n ∈ C(E), there is an
To show the reverse inclusion, let f ∈ ∞ k,n=1 ∞ m=1 E k,n,m . Fix a continuous function g ∈ C(E) and ε > 0. Since {P n : n ∈ N} is dense in C(E), we can choose P n so that P n − g C(E) < ε/2. Choose a large integer k ≥ 1 for which 1/k < ε/2. For these choices of n and k, there is an m ∈ N such that Q m (1/f ) − P n C(E) < 1/k. The triangle inequality gives Q m (1/f ) − g C(E) < ε.
Since ε > 0 can be taken to be arbitrarily small, we can find a subsequence Q ms (1/f ) of o.p.a. of 1/f such that Q ms (1/f ) → g uniformly on E. This implies that
which gives the desired conclusion.
(b) Fix k, n, m ∈ N. It is easy to see that E k,n,m is the inverse image of the open ball in C(E) with center at P n and radius 1/k via the mapping Q m . By Proposition 2.1, the mapping Q m : (H 2 ) * → C(E) is continuous, and therefore
For simplicity, we write g := P n . To show that ∞ m=1 E k,n,m is dense in H 2 , it suffices to prove the following claim:
Claim. For any f ∈ H 2 and ε > 0, there exists a function F ∈ (H 2 ) * and an integer m ≥ 1 such that
Without loss of generality, we may assume that f extends holomorphically to some neighbourhood of the closed unit disc and that f (0) = 0, as this class of functions is dense in H 2 . Since f ∈ H 2 , we can write
where f I is an inner function and f O is an outer function. Since f (0) = 0, we have f I (0) = 0 and therefore, the function h := (f I (0))
has no zeros in the unit disc. Meanwhile, 1/g ∈ C(E) has no zeros on E. Thus, we can apply Theorem 1.3 (which we will prove in Section 3) to find a polynomial P which does not vanish in the closed unit disc and satisfies
where δ = δ(g) > 0 is chosen sufficiently small to guarantee
We will show that the function F := f I (0)f I · P satisfies the required inequalities (2.1). From Proposition 2.2, we know that Q m (1/P ) = Q m (1/F ) for any m ≥ 1. Since P is a polynomial with no zeros in the closed unit disc, we know (see, e.g., [8] ) that Q m (1/P ) → 1/P uniformly on the unit circle T, and in particular on E. Thus, by choosing m sufficiently large, we can make
which, combined with (2.3) and the triangle inequality, implies that
Finally, using that f I is inner and (2.2), we deduce
which establishes the desired claim.
Thus the proof of Theorem 1.2 is complete, subject to the verification of Theorem 1.3.
Simultaneous zero-free approximation
Let us now turn to the proof of Theorem 1.3. Our argument is motivated by a classical theorem of Rudin [26] and Carleson [10] , which says that if E is a closed subset of measure zero on the unit circle and f is a continuous function on E, then there exists a function F analytic on the unit disc which extends continuously to the unit circle and agrees with f on E.
Proof of Theorem 1.3. Let E ⊂ T be a closed subset of measure zero, g ∈ H 2 , and f ∈ C(E). Assume that g does not vanish on the unit disc and f does not vanish on E. We want to construct a sequence of polynomials P n which do not vanish on the closed unit disc such that P n → g in H 2 and P n → f in C(E). To simplify the construction, we employ the following reductions:
(i) We may assume that g is continuous up to the unit circle and is non-vanishing on the closed unit disc. Indeed, if for any 0 < r < 1 we can find a sequence of (zero-free on D) polynomials which approximates (g(rz), f (z)), a diagonalization argument would produce a sequence of (zero-free on D) polynomials which approximates (g(z), f (z)).
(ii) Instead of approximating (g(z), f (z)) by polynomials, we may approximate by functions g n in A(D), that is, functions holomorphic on D and continuous on D. We can obtain an approximating sequence of polynomials by taking Taylor polynomials of g n (r n z) for suitable r n ∈ (0, 1).
(iii) It suffices to treat the case when f /g is piecewise-constant, that is, when E = m j=1 E j is a union of finitely many disjoint closed sets and f /g = e v j on E j for some v j ∈ C. Indeed, since f /g is continuous on E, for any ε > 0, we can choose k ≥ 1 sufficiently large so that
We divide the circle into k arcs of equal length. Since E is nowhere dense, we may slightly modify the arcs so that their endpoints are not contained in E and their lengths are at most 4π/k. Call the resulting arcs I 1 , I 2 , . . . , I k . Set E j := I j ∩ E, discard the empty pieces and renumber the remaining sets from 1 to m. For each j = 1, . . . , m, let ζ j be an arbitrary point of E j . Since (f /g)(ζ j ) = 0 (by reduction (i)), there exists a complex number v j such that e v j = (f /g)(ζ j ). It follows that |f /g − e v j | < ε on E j for any j = 1, 2, . . . , m. This construction shows that the space of pairs (g, f ) with f /g piecewise-constant is dense in the space of all pairs covered by the theorem.
With the above reductions, to prove Theorem 1.3, we construct a sequence of uniformly bounded functions Φ n ∈ A(D), which are zerofree on D, such that Φ n → 1 uniformly on compact subsets of D \ E and Φ n → e v j uniformly on each E j . Since E is a closed set of measure 0, the sequence g n = g · Φ n tends to g in H 2 , while g n tends uniformly to f on E. To this end, we take
where h j,n are the "Rudin functions" given by the lemma below: 
Proof of Lemma 3.1. Let ε > 0. Also let V ⊃ E be an open set compactly contained in U and δ > 0. Since E has measure 0, we can construct a real-valued function u(ζ) ≥ 0 in C ∞ (T \ E) which tends to +∞ as ζ → w for every w ∈ E, is identically 0 on T \ V and satisfies
where we continue to use the symbol u for the Poisson extension to the unit disc. Letũ be the harmonic conjugate of u, normalized so that u(0) = 0. Note that the harmonic conjugateũ ∈ C ∞ (D \ E) since the Hilbert transform preserves smoothness, see [21, 22] .
The holomorphic function A = 1 + u + iũ maps the unit disc D to the half-plane {z : Re z > 1}. Let B := √ A be the branch of square root with B(D) ⊂ {z : | arg z| < π/4}. We now consider the function
. First of all, since u,ũ ∈ C ∞ (D \ E), the function h 1 is holomorphic in D and extends continuously to T\E. However, on E, h 1 extends continuously to 1 (since B tends to infinity). Thus, h 1 extends continuously to the unit circle. Secondly, from the constraint on the argument of B, |h 1 | ≤ 1. Finally, from the Herglotz representation
it follows that u + iũ is very small on D \ U:
.
Thus, by requiring δ > 0 in (3.2) to be sufficiently small, we can make
Since h := 2h 1 − 1 has the required properties, the proof of Lemma 3.1 is complete.
To finish the proof of the theorem, we apply Lemma 3.1 with the closed sets E j , open neighbourhoods U j,n = {z ∈ C : dist(z, E j ) < 1/n} and ε = 1/n. We call h j,n the resulting Rudin functions and define Φ n by the formula (3.1). Note that when n ≥ 1 is large, the open neighbourhoods U j,n are disjoint. It is easy to see that the functions Φ n are uniformly bounded by exp 3m · max{|v j | : j = 1, . . . , m} on D and have all the desired properties. Thus, the proof of Theorem 1.3 is complete.
Concluding remarks and further directions
We conclude with some remarks and open problems:
(1) As discussed in the introduction, Beise and Müller showed that there exist functions in the Hardy space H p , 1 < p < ∞, with universal Taylor series on closed sets E ⊂ T of measure 0. They observed that the hypothesis that E has zero measure is sharp, since by the Carleson-Hunt theorem, the Taylor series of a function in H p converges to its boundary values a.e. on T. In our setting of optimal polynomial approximants, this assumption also cannot be dispensed with: if E ⊂ T has positive measure, then U E = ∅. To see this, assume for the sake of contradiction that U E = ∅. By the remark in Section 2, we would be able to find a cyclic function f ∈ U E . Let ℓ ∈ C be an arbitrary complex number and (q k ) be a subsequence of o.p.a. of 1/f which converges to ℓ uniformly on E. Since f is cyclic, q k f − 1 L 2 (T) = q k f − 1 H 2 → 0 (where we continue to denote by f its boundary values on T). This implies that some subsequence of (q k ) tends to 1/f a.e. on T. Thus 1/f = ℓ a.e. on E, which yields a contradiction because E has positive measure and ℓ is arbitrary. (2) In [3] , Beise and Müller showed that there exists a function in the Bergman space A 2 that has a universal Taylor series on a subset of the circle of positive measure and finite entropy. It would be interesting to extend our results for optimal polynomial approximants to this setting. However, our proof of the simultaneous zero-free approximation does not carry over. (3) Recently, Müller [24] showed that for each closed polar set E ⊂ T, there is a function in the Dirichlet space D that has a universal Taylor series on E. It is natural to consider the analogous question for the case of optimal polynomial approximants. (4) It might be interesting to examine whether there exist functions with universal o.p.a. on sets that are not necessarily contained in the unit circle. Results in this direction for the Taylor case have been obtained in [11] .
